Abstract. The Wielandt subgroup of a group G is the intersection of the normalizers of all the subnormal subgroups of G. A T-group is a group in which all the subnormal subgroups are normal, or, equivalently, a group coinciding with its Wielandt subgroup. We investigate the Wielandt subgroup of finite solvable groups and, in particular, find new properties and characterizations (see Theorems 1, 2 and Corollaries 4, 6) for this subgroup in the case that G is metanilpotent. Furthermore, we provide new characterizations for finite solvable T-groups in Theorem 7.
Introduction and notation
All groups in this paper are finite. The Wielandt subgroup of a group G, denoted by oðGÞ, is the intersection of the normalizers of all the subnormal subgroups of G. Let SocðGÞ denote the socle of G, i.e. the subgroup generated by all the minimal normal subgroups of G. Wielandt proved in [11] that oðGÞ d SocðGÞ for every group G, hence in particular oðGÞ > 1 whenever G > 1. Groups satisfying oðGÞ ¼ G are groups for which each subnormal subgroup is normal, or, equivalently, normality is a transitive relation for subgroups of G. Such groups are called T-groups and they were first considered by Zacher [12] and Gaschü tz [5] . In the seminal paper [5] , Gaschü tz described the structure of solvable T-groups. In particular, such groups are supersolvable and each subgroup of a solvable T-group is itself a T-group (the latter property is far from being obvious). T-groups have been widely studied since the aforementioned papers by Zacher and Gaschü tz and the important contributions by Robinson [9] and Peng [7] . Characterizations of solvable T-groups are given, for instance, in [2] , [3] and [1] .
In the current paper our aim is twofold: first, we investigate properties of the Wielandt subgroup of solvable groups, and, in particular, provide in Theorems 1, 2 and Corollaries 4, 6 new properties and characterizations of oðGÞ in the case that G is metanilpotent (i.e. G=F ðGÞ is nilpotent, where F ðGÞ is the Fitting subgroup); then, we apply our previous observations in order to obtain new characterizations of solvable T-groups in Theorem 7.
Our notation is standard. For a subgroup K of G, K sn G stands for ''K is subnormal in G'' and K < ÁG stands for ''K is maximal in G''; we denote the normal core of K in G by K G and the normal closure of K in G by K G . The Fitting subgroup of G and the socle of G are denoted F ðGÞ and SocðGÞ, respectively. Syl p ðGÞ is the set of Sylow p-subgroups of G.
Definitions and main results
Definition 2.1. Let G be a group. We define o Ã ðGÞ to be the set of all elements x A G with the following property:
Notice 
By repeated application of x being in o Ã ðGÞ we obtain that x normalizes each of the K i 's, and in particular x A N G ðKÞ. Thus x A oðHÞ.
In the other direction, assume x A oðHÞ for each H c G such that (ii) either oðGÞ is p-nilpotent, or P 0 is a maximal abelian subgroup of P. Furthermore, in the latter case P has class number at most 3, and it is metabelian.
In order to have further information on o Ã ðGÞ we include Definitions 2.3 and 2.4 below. It is well known that a group is not a product of two conjugate proper subgroups. On the other hand, it is certainly possible that G ¼ AA f where A < G and f A AutðGÞ. For instance, every non-cyclic elementary abelian group has such a factorization, as well as the non-abelian groups of order 8 and the symmetric group S 6 .
ized by x and x acts on H as a special automorphism (i.e., H x ¼ H and there exists A < H such that H ¼ AA x ). The set of all special G-elements is denoted by SpðGÞ.
The set of all weakly special G-elements is denoted by W SpðGÞ.
Remark 2.2. Clearly W SpðGÞ K SpðGÞ. In the symmetric group S 5 we have a strict inclusion since x :¼ ð1; 2; 3; 4; 5Þ A W SpðS 5 Þ À SpðS 5 Þ. Indeed, to see that x B SpðS 5 Þ it su‰ces to show that for 1 < H c S 5 holds the equivalence x A N S 5 ðHÞ , x A H (then it is impossible to find K < H < G such that H ¼ KK x and x A N S 5 ðHÞ). Suppose H > 1 and x A N S 5 ðHÞ À H. Since C S 5 ðxÞ ¼ hxi the action of x on H is fixed point free. According to [6, 8.1.9] , H is a (non-trivial) 5 0 -group. Thus N S 5 ðHÞ is transitive on the set of 5 letters, while H is not. It follows that all the H-orbits have the same size, which is less than 5. Thus H is contained in a point stabilizer of S 5 , and since N S 5 ðHÞ is transitive we obtain that H is contained in each point stabilizer. The next result follows immediately by Theorems 1 and 3.
Corollary 4. Let G be a metanilpotent group. Then
We proceed with Definition 2.4. Let G be a group, x A G, H c G. We say that ðx; HÞ is a f-pair of G if whenever K, K x are maximal subgroups of H, then K, K x are conjugate in H.
Theorem 5. Let G be a solvable group. Then o Ã ðGÞ is the set of all x A G such that ðx; HÞ is a f-pair whenever H c G and x A N G ðHÞ.
By Theorems 1 and 5 we immediately have:
Corollary 6. Let G be a metanilpotent group. Then oðGÞ is the set of all x A G such that ðx; HÞ is a f-pair whenever H c G and x A N G ðHÞ.
In Theorem 7 below we obtain characterizations of solvable T-groups, in which the following concepts play a key role. Definition 2.5. Let G be a group with a subgroup K. We say that K is a cr-subgroup
Definition 2.6. Let G be a group with a subgroup K. We say that K is a f-subgroup of G if, for all H; L < ÁK, it is the case that if H, L are conjugate in G then H, L are conjugate in K.
There are connections between the concepts of cr-subgroups and f-subgroups, and we discuss them in Section 4. Theorem 7. Let G be a group. Then the following are equivalent:
(ii) W SpðGÞ ¼ q.
(iii) SpðGÞ ¼ q.
(iv) Each subgroup of G is cr in G.
(
We prove Theorem 3 first. The following simple lemma is useful. The next lemma will be applied in the proofs of Theorems 3 and 5. It follows that all the minimal normal subgroups of G are p-groups for the same prime p, and therefore F ðGÞ ¼ O p ðGÞ. By assumption G=O p ðGÞ is nilpotent, and thus P t G where P A Syl p ðGÞ (and so O p ðGÞ ¼ P). By the above jH : Kj is a p-power. Let K p A Syl p ðKÞ. Then K p sn G and so, as x A oðGÞ, K
is coprime to p. Therefore jH : Kj ¼ 1 which is the desired contradiction. r Proof of Theorem 2. By Theorem 1 oðGÞ ¼ o Ã ðGÞ and so P 0 c oðPÞ by Lemma 2.1. But oðPÞ is the norm of P, i.e. the subgroup of elements normalizing each subgroup of P. Since the norm of a group is contained in its second centre by [10] , part (i) follows. Now we prove part (ii). Assume that oðGÞ is not p-nilpotent. Then p 0 2 since oðGÞ is supersolvable (it is a solvable T-group). Then P 0 is a Dedekind group of odd order, hence abelian by [8, 5.3.7] . To prove that P 0 is maximal abelian in P we suppose, to the contrary, that P d Q > P 0 where Q is abelian. Set A :¼ QoðGÞ. If N A ðQÞ ¼ C A ðQÞ then A is p-nilpotent by Burnside's transfer theorem, implying that oðGÞ is p-nilpotent as well. Thus we may assume that N A ðQÞ > C A ðQÞ.
We have N A ðQÞ ¼ N oðGÞ ðQÞQ and so N oðGÞ ðQÞ > C oðGÞ ðQÞ d P 0 . Let g A N oðGÞ ðQÞ=C oðGÞ ðQÞ be a non-trivial element, and let g A oðGÞ be a preimage of g. Then we may assume that g is a p 0 -element. Since g A N G ðQÞ and g A oðGÞ ¼ o Ã ðGÞ by Theorem 1, g normalizes each subgroup of the abelian group Q. Thus g acts on Q via a non-trivial power automorphism of Q (i.e., an automorphism sending each element to one of its powers). It follows that C Q ðgÞ ¼ 1 by [8, 13.4.3(ii)], and since Q ¼ C Q ðgÞ½Q; g by [6, 8.2 .7], we deduce Q ¼ ½Q; g c oðGÞ. Hence Q c P V oðGÞ ¼ P 0 , the desired contradiction. Thus P 0 is maximal abelian in P. Since P 0 c Z 2 ðPÞ by (i) we have P 0 c C P ðP 0 Þ, forcing P 0 c P 0 . Thus P 0 is abelian and P is metabelian. Furthermore, P has class at most 3 since P 0 c Z 2 ðPÞ. r
Before proving Theorem 5, one further lemma is needed.
HÞ is a f-pair for every H c G normalized by xg:
Then by Lemma 2.1 x A SpðGÞ, and so there exist The following lemma provides information on the connection between cr-subgroups and f-subgroups. For the proof of Theorem 7 we shall need only part (ii) of it.
Lemma 4.1. Let K be a subgroup of G.
(ii) Suppose K is solvable. If K is a cr-subgroup of G then K is a f-subgroup of G.
Thus B, B g are not conjugate in K and K is not a f-subgroup of G.
(ii) Suppose K is not f in G. Then there exist H; L < ÁK such that H, L are G-conjugate but not K-conjugate. Since K is solvable it follows by Ore's theorem [4, A(16.2) ] that K ¼ HL. Hence K is not cr in G. r Remark 4.1. (i) The normality condition cannot be omitted in Lemma 4.1(i), and cannot even be replaced by subnormality: let B be a group of composite order, let C 3 be the cyclic group of order 3 and consider the wreath product G ¼ B wr C 3 in which C 3 acts in the natural way on the three copies B 1 , B 2 , B 3 of B. Let K :¼ B 1 Â B 2 (a subgroup of the base subgroup), a subnormal subgroup of G. Then K is not a cr-subgroup of G since B 1 and B 2 are conjugate subgroups of G.
. Therefore L and L g are K-conjugates, as required. Since K may be solvable in this example, we see that the opposite direction of Lemma 4.1(ii) does not hold in general.
(ii) The solvability condition can not be omitted in Lemma 4.1(ii): let K be a simple non-abelian group with two maximal subgroups which are AutðKÞ-conjugates but not K-conjugates, and with the property that K is not of the form HH b for H < K, b A AutðKÞ (for instance K ¼ PSL 2 ð7Þ). Set G :¼ AutðKÞ > K. Then K is a cr-subgroup but not a f-subgroup of G. Since here K p G, this example shows further that the opposite direction of Lemma 4.1(i) does not hold in general.
Recall that a pronormal subgroup of a group G is a subgroup H with the property that H and H x are conjugate in hH; H x i for every x A G.
Lemma 4.2. Let G be a group and fix a prime p. Then the following are equivalent.
(i) Each p-subgroup of G is pronormal in G.
(ii) Each p-subgroup of G is cr in G.
Proof. x are distinct maximal subgroups of L ¼ L x , hence they are not L-conjugate (they are normal in L). Therefore, L is not a f-subgroup of G and (iii) fails. r Theorem 7 can now be proved. Robinson [9] and Peng [7] proved that a group G is a solvable T-group if and only if for each prime p, each p-subgroup of G is pronormal in G. We shall use this in the following.
Proof of Theorem 7. (i) ) (ii): Suppose G is a solvable T-group. Then o Ã ðGÞ ¼ G by Lemma 2.2. Applying Theorem 3, we obtain that W SpðGÞ ¼ q. Till now we proved the equivalence of all the conditions except (v).
(iv) ) (v): Suppose (iv) holds. We already know that (iv) is equivalent to (i) and so G is solvable. Thus we may apply Lemma 4.1(ii) to deduce (v).
(v) ) (vii): Obvious. The proof is completed. r
